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Various nonlinear wavy regimes of a viscous liquid film flowing down vertical 
wires and tubes were calculated using the integral method. The linear stability analysis 
of the trivial smooth solution was compared with the results published previously. 
In the region of linear instability, the competition among the gravity, viscous and 
capillary forces formed the steady-state traveling solutions of finite amplitudes. A t  
least two families of waves were shown to be parameterized by the wave number 
for  given values of external parameters (Reynolds number, cylinder radius and 
physical characteristics of liquid). The basic waves characteristics depended on 
external parameters and on wave number. The intensity of wavy processes increased 
with decreasing cylinder radius. The calculations show the catastrophic growth of 
wave amplitude, when the system flows down a vertical tube of sufficiently small 
radius and moves into the linear, unstable region. 

Introduction 
Many experimental and theoretical works have been per- 

formed on the wavy hydrodynamics of a viscous film falling 
down the vertical plane. In their experiments, Kapitza and 
Kapitza (1949) and Alekseenko et al. (1985) used a cylinder 
with radius greater than the film thickness, instead of a vertical 
plane. Kapitza and Kapitza (1949) carried out the experiments 
on a short vertical section of a glass cylinder (250 mm long 
and 35 mm in dia.). The film of water or alcohol fell down 
the outer surface of cylinder. To regulate the wave regimes of 
flow, pulsations of the flow rate were introduced. The wave 
amplitudes, phase velocities, lengths of waves, thicknesses of 
films were measured. The observed regular steady-state trav- 
eling waves were classified by the authors as “periodical” and 
“single.” The experimental results were given only for a pe- 
riodical regime at  Re = 5-20. 

Alekseenko et al. (1985) obtained more comprehensive and 
complete experimental results. To regulate wave formation, 
pulsation of the flow rate was introduced on the input section 
too. The wave profile was similar to  a sine function if the 
frequency of pulsation was high and became more nonlinear 
(abrupt front of wave and flowing back of wave) if the fre- 
quency was low. They presented results for both types of the 
observed waves. 

In other experiments, the hydrodynamics of a wavy film 

flowing down wires and tubes with radii comparable with the 
film thickness were investigated. Goren (1962) studied both 
theoretically and experimentally the instability of an annular 
thread of fluid creeping into the wall of a thin wire or tube. 
In Goren’s theory and experiment, wires or tubes with an 
extremely small radius were considered such that gravitational 
forces could be negligible in comparison with the viscous and 
surface forces. 

In the present study, we consider all possible forces in a 
flowing film, and the experiments discussed above are special 
cases in the limit when the wall curvature is zero or large. 

Benjamin (1957) and Yih (1963), using an analytical ap- 
proximation of Orr-Zommerfeld’s equation, have found that 
falling film down a vertical plane with a smooth free surface 
is unstable with respect to long-wave disturbances at any flow 
rates. Similar results for the case of the falling down of a 
vertical cylinder were obtained by Lin and Liu (1975) and 
Tougou (1977). In a neighborhood of the neutral curve, non- 
linear periodical solutions were considered by Lin (1969), Ben- 
ney (1966), Nakaya(1975), Gjevik (1970), and Nepomnyashchy 
(1974) for the case of the falling down of a vertical plane. 
Tougou (1 977) and Shlang and Sivashinsky (1 982) derived the 
nonlinear asymptotic equation for the surface elevation when 
the liquid film falling down a vertical cylinder with a small 

AIChE Journal June 1992 Vol. 38. No. 6 821 



wall curvature was considered. In the neighborhood of neutral 
curve, Tougou (1977) obtained the waves of finite amplitudes. 
Shlang and Sivashinsky (1982) considered the linear stability 
of smooth flow with respect to two-dimensional disturbances 
of the film free surface and found that for small values of 
cylinder radii, a wavy flow was a one-dimensional train of 
rings. 

The latest important progress on the theory of nonlinear 
waves on the surface of the falling down of a vertical plane 
liquid film was achieved by Trifonov and Tsvelodub (1985, 
1988, 1991) and Demekhin and Shkadov (1985). They used a 
model system of equations obtained from an integral method. 
The various steady, traveling, periodical, nonlinear wave re- 
gimes were obtained for this system. It was shown that there 
were a great number of the waves families parameterized by 
the wave number. The linear stability of nonlinear solutions 
with respect to all possible disturbances was investigated, and 
a bifurcation analysis was carried out. It was shown that two 
types of waves were distinguished. The comparison with the 
experimental results demonstrated good quantitative agree- 
ment. 

The aim of this work is to  generalize the methods and results 
presented by Trifonov and Tsvelodub (1991) and to  investigate 
the nonlinear waves on the surface of a liquid film falling down 
a vertical wire or tube. 

Governing Equations 
We considered a two-dimensional flow of a viscous incom- 

pressible liquid down the outer and the inner walls of a circular 
cylinder, as shown in Figures la and lb. Using the usual di- 
mensionless variables, the governing equations of the fluid 
motion and the boundary conditions are as follows: 

Figure 1. The flow. 
a. Film falling down on the outer wall of a circular cylinder: case 
of wire. 
b. Film falling down on the inner wall of a circular cylinder: case 
of tube. 

au* au* * au' ap* E a2u* -+u*++u  
at* ar az* - az Re, 

* +-- 

a(u*r*)  a(u*r*)  
az * ar 

+ 7 = 0  

( a2h* t 

r* =R* f h * ( z * , t * )  (1) 

where u* = d u o ,  u* = (v/u,)L/h,, x* = x / L ,  r* = r/ho, t* = tu,/ 
L ,  P' = P/pu:, E = h,/L, Rel = uoho/v,  F i=  ( ~ / p ) ~ / g v ~ ,  
uo=gh23v, Fi is the film number, u is the velocity in the z- 
direction, u is the velocity in the r-direction, P is the pressure, 
P,* is the atmospheric pressure, g is the acceleration due to  
gravity, v is the kinematic viscosity, p is the density, u is the 
coefficient of surface tension, and h is the instantaneous thick- 
ness of the film. The upper or lower sign, '' + " or " - '' in 
the above and subsequent equations, refers to  the case of wire 
or tube, respectively (that is, the flowing of film on outer or 
inner wall of a circular cylinder). 

It is appropriate here to  use some scale related to  the wave 
length L as a characteristic scale of length in the z-direction, 
the mean film thickness h, as that in the r-direction, and the 
mean velocity u, of a smooth flowing on vertical plane as a 
velocity scale. 

We shall consider only long-wave disturbances, therefore, 
E << 1 .  For the range of Reynolds numbers under consideration 
E << R e 5  l / ~  after neglecting terms smaller than O(E) ,  the sys- 
tem of Eq. 1 is simplified substantially. In the dimension form, 
it is as follows: 

ap -=o 
ar 
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au 
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u=u=O, r = R ;  -=O, r = R * h ( z , t )  

P=P,-a. (zz+$) 1 

In  addition, the following kinematic condition on the free 
surface must be satisfied: 

ah ah + u = - + u - ,  r = R * h ( z , t )  
a t  az 

In deriving Eqs. 2 from Eqs. 1, we retain the term with the 
capillary pressure in boundary condition. This is true if the 
film number Fi- Re5/e6, which holds in most experiments. 

It is easy to  see that one solution of Eqs. 2 is: 

v=O, h = h, = const 

This solution is related to smooth flow and exists for any liquid 
flow rate. 

Other solutions of Eqs. 2 are difficult to arrive at. To sim- 
plify this problem, it is convenient to  use the following as- 
sumption on the velocity profile: 

x [ 1-  ( ; )2+2(1*y)2 .1*; ]  

R t h  

q ( 2 , t )  = f--. j urdr 
R R  

1 
4 

f, (h/R) =-- (1 zth/R)2 + (1 +h/R)4  

(3) 

This profile satisfies the no-slip condition at the solid-fluid 
interface r=  R and the condition of vanishing net force at each 
element of the fluid-air interface r = R f h (z , t ) .  For the case 
of smooth flow, the profile gives us the exact solution of 
Navier-Stokes equations. 

In the limit R - w  (the flowing of viscous fluid down the 
vertical plane), this profile offers: 

where 6 is the distance from the wall. 
For this case, where some experimental results and direct 

numerical simulations use the Navier-Stokes equations, this 
assumption is valid for the values of Reynolds numbers under 
consideration. Thus, Nakoryakov et al. (1977) experimentally 

demonstrated that the velocity profile was close to  a semipar- 
abolic one for the greater part of the wavy film flow. Similar 
results were obtained by Bach and Villadsen (1984), who solved 
the nonstationary Navier-Stokes equations by using a finite- 
element scheme. Trifonov and Tsvelodub (1988, 1991) dem- 
onstrated that the thickness profiles and other characteristics 
of nonlinear waves obtained by using this velocity profile as- 
sumption quantitatively corresponded t o  Alekseenko et al.'s 
(1985) experiments. 

For long waves flowing down a circular cylinder, this as- 
sumption (Eqs. 3) is also reasonable. It is extremely difficult 
to evaluate the correctness of the assumption in Eqs. 3 math- 
ematically. The physical correctness of relation 3 may be proved 
by comparing the solutions of the simplified system with ex- 
perimental results and with the results obtained by using the 
Navier-Stokes equations. 

Taking into account that the pressure in Eqs. 2 is the function 
of only z and t ,  we substitute the profile in Eqs. 3 into Eqs. 
2, multiply the equation by r, and integrate over the r-direction 
from R to R k h ( z , t ) :  

1 5  5 17 
6 4  2 12 

- - + - . ~ * - - . ~ ~ + - . ~ ~ + 2 ~ ~ 1 ~ ( ~ )  

(4) 

To derive the system of Eqs. 4, we used the kinematic con- 
dition presented above. In the limit R - w  Cf, - 1, f- - l ) ,  this 
system is from Shkadov's (1967). 

We mark here that the analogous integral method was used 
by Demekhin et al. (1988) to  investigate the nonlinear waves 
on the surface of a magnetic liquid falling down the outer 
surface of a vertical cylinder. Without magnetic field, their 
system of equations corresponds to  the particular case of Eqs. 
4. It differs from the equations obtained by Demekhin et al. 
(1988). The system of Eqs. 4 is valid both for the fall-down 
of the outer and inner surfaces of vertical cylinder and the 
correctness criteria e<< 1, E <<Re< 1 / ~ ,  Fi- Re5/e6 of as- 
sumptions used here. 

In this work, the wave regimes of flowing film will be studied 
on the basis of Eqs. 4. It differs from the nonlinear asymptotic 
equations of Tougou (1977), Lin and Liu (1975), Shlang and 
Sivashinsky (1982). The system of Eqs. 4 is valid for a wide 
range of the wall curvature and for describing an evolution of 
disturbances with large amplitudes. 

The solution of Eqs. 4 related to the smooth flow is: 
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Figure 2. Values of the smooth solution thickness and 
the neutral disturbance phase velocity. 
Line I ,  film flowing down on a wire; line 2, on a tube. 

In the flow-down of a vertical plane, Nusselt’s solution is 
well known. To investigate its stability with respect to  infin- 
itesimal disturbances: 

where 01 = 21r/h, h = disturbance period. The system of Eqs. 
4 is linearized with respect t o  h‘ and q’ ,  and it is not difficult 
now to resolve the condition: 

0.007 0.07 

Figure 3. Stability curves for various cylinder radius. 
Lines 1-3,  case of wire with R * - ’ = O ,  0.1 and 0.2, respectively; 
lines 4, 5 ,  tube with R “ ’ = 0 . 1 ,  0.2. Disturbances with the wave 
numbers situated below stability curves are unstable. 

A2 = 3 
< /  

/- 

I?~= 7 0  . 

0 0  
0 70 Re2 

Figure 4. Stability curves: this study, solid lines, Lin and 
Liu (1975) theory, asterisks, for various values 
of the wire radius at We, = 100. 

Since temporal stability with respect to  spatially periodic 
disturbances is of interest here, the wave number in Eq. 5 is 
assumed to be real. Then, the values of complex phase velocity 
c may be found from Eq. 5. If Zm(c) >0, the disturbance is 
amplified; if Zm (c) < 0, it disappears. 

Using the scales qN and h* = ( 3 ~ q , / g ) ” ~  for the values of 

I I I 

0 70 Re2 

Figure 5. Stability curves: this study, solid lines, Lin and 
Liu (1975) theory, asterisks, for various values 
of the tube radius at We, = 100. 

824 June 1992 Vol. 38, No, 6 AIChE Journal 



c h  > 

0.95 

0.85 

0. ?5 

fi 1.2 dfl + 1.2 -=F*.-- 

0.6 

to  the cases of wire and tube, respectively. With decreasing 
cylinder radius, the neutral disturbance phase velocity and the =k We.- 

0 d 

0.4 

0 7 
Figure 6. Characteristics of waves vs. wave number at Re= 4, Ft'" = 6.8. 

Two branches of waves presented are: lines I ,  Ib, wire with R-'=O; lines 2, 2b, R-'=0.05; lines 3, 3b, R- '=0 .1 ;  lines 4, 4b, 
R - '  =0.2.  
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Figure 7. Characteristics of waves vs. wave number at Re=4, F?'" =6.8. 
Two branches of waves presented are: lines 2, 2b, tube with R '=0.05; lines 3,  3b, R-'=O.l; lines 4, 4b, R - ' = 0 . 2  

Unlike the case of flow-down, the vertical plane (R*-'=O) 
analyzed by S h k a F v  (1967) and Alekseenko et al. (1985), 
dependences on aneut (We- ' )  for R*- '#O do not go to  zero 
with decreasing Re. 

It is possible now to estimate the limits of long-wave ap- 
proximation. As a characteristic scale L in z-direction, intro- 
duced above, we may take the w$velength of neutral disturbance 
and it is easy to  see that ~=a,,,~/2n. As shown in Figure 3 ,  
the correlation E << 1 is fulfilled satisfactorily for the range of 
parameters 5 s R *  < m, 4 5 F i " " ~  10, O s R e ~ 2 0 ,  considered 
here. 

To evaluate the correctness of the assumption of Eqs. 3, 
our results on the smooth solution linear stability analysis are 
compared with Lin and Liu's (1975) theory, Figures 4-5. 

To obtain the neutral curves, Lin and Liu (1975) used the 
Navier-Stokes equation and its expanded solution in power 
series of p=22.1rhN/h. Reynolds number in Figures 4-5 
Re2 = UmaxhN/V, umax is the velocity on the free film surface, 
R2 = R/hN, c2 = c/umaX. Lin and Liu's (1975) results are shown 
by asterisks, which correspond to  the case of film with We2 = u/ 

( p g h i )  = 100 flowing down the different wires (Figure 4) and 
tubes (Figure 5 ) .  Our results a t  the same value of We2 and for 
the same values of the cylinder radius are presented by the 
solid lines. The comparison demonstrates satisfactory agree- 
ment. 

To calculate the periodical steady-state traveling solutions 
ofEqs.  4, q = q ( z - c t ) ,  h = h ( z - c t )  andc-phasevelocitywith 
the finite amplitude, the dimensionless form of these equations 
was used as follows: 

= [* we( (R' * h * ) 2  3 "*+=) We d[*3 
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h* h* 
q* = 1 * c* ( * h * + 2R* - ( + h * + $)) , y = 1 f 7 (7)  

R 

where E* =J3/We-E/hs, < = z - c t ,  h* = h/h,, R* = R/h,, 
q* = q/qo, C* = ch,/q,, h,= (3vq, /g)’13,  W e =  (3Fi/Re5)‘ l3 ,  
Z=(81Fi/Re”)’I6, R e = q , / v ,  qo= <q> =( l /A) j :q (<)d ( ,  and 
X is the wavelength of solution. 

Eliminating the flow rate q ( E  ) (asterisk is omitted from now 
on) from the first equation of Eqs. 7 ,  we yield one equation 
to calculate h(E) and phase velocity c. The periodical wave 
with wave number a is presented as a Fourier series: 

- CD 

h ( ( )  =c H,,exp[ian(], H_,=H, ,  (8) 
--m 

Overbar denotes the operation of complex conjugation. 
Taking into account the first N / 2  harmonics in the set of 

Eqs. 8, and substituting it into another equation we obtain a 
system of N +  1 equations for the real unknowns H,, c and 
N / 2  complex ( H i , .  . . ,HN12). The pseudo-spectral method and 
the fast Fourier transformation procedure were used to cal- 
culate the harmonics of nonlinear terms. 

Since Eqs. 7 are invariant to the shifts [ * - i *  +const, the 
origin of coordinates was usually chosen such that Im- 
age(H,)=O. 

Thus, the system of algebraic equations is completed, and 
Newton-Kantorovich’s method was used to solve it numeri- 
cally. To reduce the number of harmonics in the set of Eqs. 
8, the following convergence criterion was taken: 

For this purpose, the number N had to be varied depending 
on the values a and Re, Fi over the range from 16 to 128. 

We gave here only the scope of the numerical method. The 
procedure in more details was presented by Trifonov and Tsvel- 
odub (1991), where nonlinear waves on the surface of fihn 
falling down a vertical plane were considered. 

Steadystate Traveling Wave Calculations 
The calculations were based on Eqs. 7 .  We used three ex- 

ternal parameters, R ,  2, and We or R ,  Fi, and Re, and one 
internal parameter, a-wave number. External parameters have 
a clear physical sense. To understand the meaning of internal 
parameter, a, it is necessary to discuss some experimental 
results. In the experiments of Kapitza and Kapitza (1949) and 
Alekseenko et al. (1985) the free film surface, without artificial 
perturbation, was covered with irregular waves, and the wavy 
structure was extremely sensitive to external disturbances. If 
external periodical impulses in time were introduced at the 
input section of the liquid flow, regular waves in space, which 
travel steadily in term, were formed. The wavelength was con- 
ditioned by the impulse frequency, but the wave amplitude did 
not depend on the amplitude of the external disturbance. Thus, 
by varying the disturbance frequency, various wave regimes 
were observed for a given flow rate. Kapitza divided the waves 
into two classes: “periodical” and “solitary” waves. 

The main difficulty in finding the solutions of Eqs. 7 by 
Newton’s method is to determine the initial approximation 
that is close enough to the solution. The periodical steady- 
state traveling solutions with wave numbers close to neutral 
ones for the fall-down on the vertical plane were first obtained 
analytically by Shkadov (1967). Using this result as an initial 
approximation and employing a small enough step on the pa- 
rameters, a, R ,  Fi, and Re, in the region of linear instability, 
the steady-state solutions were found for a wide range of ex- 
ternal parameters and up to the smallest values of a considered 
here. Results are presented in Figures 6-16. As there are many 
parameters, a detailed investigation is very difficult to carry 
out, and the main concern is with the qualitative difference of 

20 40 60 

I 

0 20 40 60 

Figure 8. Characteristics of the first-family waves for 
the case of falling down on a vertical plane. 
The dashed line is the corresponding experimental profile, where 
Re=7.2 ,  Fi””=4.87, a r 0 . 5 3 2  (profile a). a = 0 . 2  (profile b). 

? 0 70 20 

Figure 9. Characteristics of the second-family waves for 
the case of falling down on a vertical plane. 
The dashed line is the corresponding experimental profile, where 
Re=7.2 ,  Fi”’l=4.87, a = 0 . 4 5  (profile a), a = 0 . 3  (profile b), and 
01=0.167 (profile c). 
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Figure 10. Characteristics of waves vs. wall curvature at Re= 4, Ft’“ = 6.8. 
Lines 1, 2 ,  case of wire: lines 3,  4, tube; lines 1, 3 ,  wave with a= 1.0 branched from the trivial solution: line 2 ,  a = 0 . 3 2  (long 
wave); line 4, a = 0.4 (long wave). 

waves falling down on the inner or outer cylinder to  those 
falling down on a vertical plane. 

Figures 6 and 7 show the dependence of the dimensionless 
basic wave characteristics < h > -mean wave thickness, h,,,, 
hmi,-maximum and minimum values of thickness [the scale 
of thickness is h,= (3~’Re/g)’/~], and c-phase velocity (the scale 
is equal to  vRe/h,) on the values of dimensionless wave num- 
bers a [the scale is (9ReS/Fi)1’6/h,] for the fall-down of the 
outer cylinder wall (wire) and inner cylinder wall (tube). Here, 
the values of Re and Fi numbers are fixed: Re=  4, Fi”” = 6.8 
(water-glycerin-alcohol film). Both lines 1-4 and lines lb-4b 
in Figures 6 and 7 correspond to the values of cylinder radius 
R - I = 0, 0.05, 0.1 and 0.2, respectively. 

Line 1 in Figure 6 corresponds t o  the case of a vertical plane. 
For this case, the solutions stem from the trivial solution h = 1 
at point a= 1, which on entering the linear instability region 
transform into a succession of solitary waves, a-0. Up t o  the 

value a = 0.55, the wave profile is sine-like. Figure 8 compares 
out characteristic wave profiles and Nakoryakov et al.’s (1981) 
experiment (the dashed line), where Re=  7.2 and Fil’” = 4.87. 
In Figure 8a ~~20 .531718  (it corresponds to  X =  10.8 mm in 
experimental profile), while in Figure 8b a = 0.2. Wave profiles 
represent two periods in .$-direction. This comparison with 
experiment and more detailed ones by Trifonov and Tsvelodub 
(1991) demonstrates that waves close to  sine waves observed 
in the experiments (“periodical” regimes) correspond quan- 
titatively to some waves of this one-parameter family (hence- 
forth the first family). The long waves of this family have a 
shape different from those in the experiment and by Trifonov 
and Tsvelodub (1991). They are unstable with respect to  in- 
finitesimal disturbances. 

Line l b  in Figure 6 corresponds to  long waves solutions, 
which quantitatively resemble “solitary” waves in above-men- 
tioned experiments. As shown by Tsvelodub and Trifonov 

828 June 1992 Vol. 38, No. 6 AIChE Journal 



V 95 J 1 
0 20 

A A 

1 

30 F 0 70 20 
0,s 4 

Figure 11. Characteristic waves with a= 0.32. 
ThecaseofwirewithR-’=O(profilea);R-’=O.l (b); R - ’ = 0 . 2  
(C). 

(1991), this branch was generated from the corresponding wave 
of the first family with the double spatial period. Figure 9 
compares the characteristic profiles of this second one-param- 
eter family waves with Nakoryakov et al.’s experiment (1981) 
(the dashed line), where R e = 7 . 2  and Fi1’I1=4.87. In Figure 
9a a = 0.45, while in Figure 9b a = 0.3 and Figure 9c a = 0.16742 
(it corresponds to  X =  34.3 mm in experimental profile). 

The case of a vertical plane was previously studied-in detail 
by Trifonov and Tsvelodub (1985, 1988, 1991) and Demekhin 
and Shkadov (1985,1989). Various steady-state traveling waves 
were calculated, and their stability and bifurcations were ana- 
lyzed. They compared in detail the numerically obtained waves 
phase velocities, amplitudes and wave numbers with the cor- 
relations measured experimentally. It was demonstrated that 
the integral approximation provided a good quantitative de- 
scription of large-amplitude waves observed in experiments. 
Here, the results of a vertical plane are compared with the case 
R-‘ # 0, and the ability of integral approximation used is dem- 
onstrated. Unfortunately, no literature is available where the 
basic characteristics of waves of the surface of a film falling 
down on a vertical cylinder of radius comparable to  film thick- 
ness were measured simultaneously. Therefore, we need to  
restrict the comparison with experiment to  the case of a vertical 
plane. 

In the case of falling down on the outer surface of a cylinder 
with finite radius, there are some qualitative conformities and 
differences with respect t o  the case of a vertical plane. Anal- 
ogous to the case of a vertical plane, there are two branches 
of solutions: the limit of which at a-0 is the “negative” 
solitary wave (the value I h,,, - < h > I < I hmi, - < h > I and 
the shape of profile thickness is like the one in Figure 8b); the 
“positive” solitary wave (the value I h,,, - < h > 1 > I hmjn - 
< h >  I and the shape of profile thickness is like the one in 

r 0 7 0  20 
9 5  J 

Figure 12. Characteristic waves with cu=O.4. 
The case of tube with R - ’ = 0 . 0 5  (profile a); R-’=0 .1  (b); 
R - ’ = O . l S  (c). 

Figure 9c). One branch generates from the trivial solution (lines 
2-4 in Figure 6), and the second branch generates from the 
corresponding wave of the first branch with the doubling of 
spatial period (line 2b-4b in Figure 6). The asymptotic behavior 
of the dependence < h >  , h,,,, and c is essentially different 
for these branches for all values of parameter R .  Thus, if the 
limit of one branch as a-0 is the “positive” solitary wave 
(lines lb ,  2b, 3b and 4 in Figure 6), the values of h,,, and c 
increase with decreasing a; if the limit of a branch as a-0 is 
the “negative” solitary wave (lines 1, 2 ,  3 and 4b in Figure 
6), the same quantities decrease with decreasing a. The asymp- 
totic behavior of value hmin with a decrease in a is practically 
the constant for all values of wire radius and for both branches. 

In addition, for all values of the wire radius, the values of 
< h > , h,,,, and c vary in a smaller range with a decrease in 
a for the solution branch with the “negative” solitary wave 
limit than for the family with the “positive” solitary wave 
limit. 

There is one qualitative difference between the fall-down on 
the wire with small enough radius (line 4 in Figure 6) and the 
fall-down on the vertical plane. The branch with the “positive” 
solitary wave limit emanates from the trivial solution, unlike 
a vertical plane where such a branch originates from the cor- 
responding nonlinear wave of the first family with the doubling 
of spatial period. 

On the inner surface of a cylinder with finite radius, there 
are also some qualitative conformities, but the differences from 
the vertical plane are more catastrophic. For some values of 
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Figure 13. Characteristics of waves vs. Reynolds number at Ft’” =6.8. 
Lines 1-3, wave with a=0.8 branched from the trivial solution on the wires with R - ’ = O .  0.1 and 0.2, respectively; lines 4- 
6, a=0.3 (long wave) on the wires with the same values of radius. 

parameter R-’cR , ’ (Re ,  Fi), there are two branches of SO- 
lution: the limits of which when a-0 are the “negative” sol- 
itary waves (lines 2, 3 and 4b in Figure 7) and the “positive” 
solitary wave (lines 2b and 3b) which is analogous to the vertical 
plane. Characteristic behavior of the c h > , h,,,, hmin, and c 
dependence for both branches is qualitatively identical to the 
fall-down of the outer surface of cylinder. For the values of 
parameter R - ’  > R;’, the waves branching from the trivial 
solution (lines 4 in Figure 7) disappear for a < acr. The am- 
plitude of solution quickly increases as one departs from the 
bifurcation point and the number of harmonics needed in series 
(8) increases drastically near the point acr. Further continuation 
along line 4 in Figure 7 was restricted by the computer abilities. 
The h,,, value is close to the tube radius, and the hmin value 
is close enough to zero near the point acr. 

From the results in Figures 6-9 we may conclude that there 
are at least two one-parameter branches of waves in the fall- 
down of the vertical cylinder. Comparison with experimental 

results shows that the long waves, transformed into a series 
of “positive” solitary waves as a-0, are realized in experi- 
ments. Therefore, we will consider only the corresponding 
branch of long waves. 

Figures 10-12 show the dependence of the basic waves char- 
acteristics on the value of cylinder radius and some waves 
profiles, where the value of Reynolds number Re = 4 and that 
of film number Fil”’=6.8. Lines 1 and 2 in Figure 10 cor- 
respond to the fall-down on the wire for the values of wave 
number a = 1 .O (waves branched from the trivial solution) and 
a = 0.32 (long waves), respectively. Some characteristic waves 
profiles (a = 0.32) on two periods in .$-direction are presented 
in Figure 11 for this case at R -  I =  0, 0.1 and 0.2, respectively. 
Lines 3 and 4 in Figure 10 correspond to the fall-down on the 
tube for the waves with a = I .O and a = 0.4, respectively. The 
profiles of waves with a=O.4  are presented in Figure 12 for 
R-’=0 .05 ,  0.1 and 0.15, respectively. 

Figures 10-12 show that the wavy processes are increased 
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Figure 14. Characteristics of waves vs. Reynolds number at H"" = 6.8. 
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Lines 1-3, wave with a=0.8 branched from the trivial solution on the tubes with R-'=0.05,  0.1 and 0.2, respectively; lines 
4-6, a= 0.3 (long wave) on the tubes with the same values of radius. 

with decreasing cylinder radius. In the fall-down of the tube 
(lines 3 and 4 in Figure lo), there is a critical value R,  that 
gives rise to catastrophic growth of the wave amplitude. 

In Figures 13 and 14, the dependence of the basic waves 
characteristics on the value of Reynolds number is presented. 
Here, the value of film number Fi"" =6.8 and the lines in 
Figure 13 correspond to  the case of fall-down on the wire and 
the ones in Figure 14 for the case of falling down of the tube. 
Lines 1-3 in Figure 13 correspond to the characteristics of 
waves with wave number a=O.8 (waves branched from the 
trivial solution) a t  R-'  =0, 0.1 and 0.2, respectively. Lines 4- 
6 in Figure 13 correspond to the waves with a = 0.3 (long waves) 
at the same values of wire radius. Lines 1-6 in Figure 14 
correspond to  the characteristics of waves with the same values 
of wave number as those of lines 1-6 in Figure 13 and at the 
same values of cylinder radius except for lines 1 and 4, which 
correspond to  the case of fall-down of the tube with R-'  = 0.05. 

There are some unique characteristics to the long waves, 

lines 4-6 in Figures 13 and 14. The calculations show the 
existence of the turning points Re,(R- ' )  (dependence shown 
in Figures 13 and 14 are continued by the dashed lines after 
these points) such that the waves regimes corresponding t o  the 
cases 4-6 in Figure 13 and 4 and 5 in Figure 14 transform into 
the first-family solutions of the triple period in .$-direction at 
the end of corresponding lines in Figures 13 and 14. In case 6 
of Figure 14, there is a second turning point, and the depend- 
ence continues in the region of large Reynolds numbers. The 
calculations of the long waves characteristics on Reynolds 
number at  the other values of parameter a show the existence 
of turning points for each value of a. For a given value of 
parameter R - ' ,  the turning points form a few loci Re,(a).  For 
various values of parameter (Y after returning from the cor- 
responding lines, the waves may degenerate into the first-family 
waves with double, triple and so on period in the .$-direction. 
It is difficult to calculate the loci of turning points for a wide 
range of parameters Re and a, and for a few values of pa- 
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Figure 15. Characteristics of waves vs. film number at Re=4. 
Line 1 ,  wave with a=0.9 at R - ' = O ;  lines 2-4, a= 1.0 wires with R-l=0.05, 0.1 and 0.2, respectively; lines 5-7, a = 0 . 3 2  (long 
wave) on the wires with R - '  =0.05, 0.1 and 0.2, respectively. 

rameter R-I ,  and thus it is not carried out here. In the fall- 
down of the vertical plane, the loci used are by Tsvelodub and 
Trifonov (1991). 

For a sufficiently small value of parameter R-'  (lines 1, 2, 
4 and 5 of Figure 13; lines 1 and 4 of Figure 14), an increase 
in Reynolds number causes the increase in the wave intensity, 
as shown in Figures 13 and 14 (the waves on the dashed re- 
turning parts of the corresponding curves are not considered, 
because they are probably unstable). For the values of param- 
eter R- '  corresponding to  the lines 3 and 6 of Figure 13 and 
lines 2, 3, 5 and 6 of Figure 14, an increase in the Reynolds 
number causes the decrease in waves amplitudes. As shown in 
Figure 14, there is the critical growth of waves amplitudes at 
some values of parameters R-'  with the decrease in the Reyn- 
olds number in the fall-down of the tube. 

In Figures 15 and 16, the dependence of the basic waves 

characteristics on the value of film number is presented. Here, 
the value of the Reynolds number Re = 4 and the lines in Figure 
15 correspond to  the case of the wire and ones in Figure 16 
for the case of the tube. Line 1 in Figure 15 corresponds to 
the waves with the wave number a=O.9 at  R-'=O and lines 
2-4 in Figure 15 waves with a= 1.0 at  R-'=O.OS,O.l and 0.2, 
respectively. Lines 5-7 in Figure 15 correspond to waves with 
the wave number a = 0.32 (the long waves) at R-' = 0.05, 0.1 
and 0.2. Lines 1-3 in Figure 16 correspond to  waves with a = 1 .O 
at R-'=0.05, 0.1 and 0.2, and lines 4-5 in Figure 16 waves 
with a = 0.4 at the values of R- ' = 0.05 and 0.1, respectively. 

Figures 15 and 16 show that at some small values of param- 
eter R-' (lines 1 and 5 in Figure 15; line 4 in Figure 16), an 
increase in the film number causes the decrease in the waves 
intensity. At the great enough values of R - I ,  the increasing 
film number results in the destabilizing effect. 
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Figure 16. Characteristics of waves vs. film number at ffe=4. 
Lines 1-3, wave with a= 1.0 on the tubes with R - ’  =0.05, 0.1 and 0.2, respectively; lines 4-5, a=O.4  (long wave) on the tubes 
with R - ’ = 0 . 0 5  and 0.1, respectively. 

Conclusions 
Various nonlinear wavy regimes of a thin viscous liquid layer 

flowing down the outer and inner surfaces of a vertical cylinder 
were considered. By using an integral method, a system of 
equations was obtained to  describe the evolution of long-wave 
disturbances. There are three external parameters (Reynolds 
number Re, film number Fi, and the wall curvature R - ’ )  in 
this model. The linear stability analysis of flowing with the 
smooth free surface was investigated, and the results agreed 
with those by other authors, who used expansion of the Navier- 
Stokes equations solutions in powers of the small long-wave 
parameter. The smooth free surface is unstable a t  any value 
of external parameters. The disturbances evolution are ruled 
by gravitational force (the pumping of energy), viscous forces 
(the damping of energy), and forces of the surface tension. 
The calculations show that the wall curvature has a destabil- 
izing effect. This differs from the capillary forces related to  

the film thickness variation, since capillary forces associated 
with the wall curvature try to increase the elevation of the film 
thickness from the mean level. As a consequence, the decrease 
in the cylinder radius promotes the waves formation process. 

As a result of the evolution, steady traveling solutions may 
be formed, as the calculations proved. The main concern was 
with the qualitative differences and conformities of the wave 
characteristics in the fall-down on the inner or outer cylinder 
surfaces from the wave characteristics in the fall-down on a 
vertical plane. The calculations show that both in the fall- 
down on the wires and of a vertical plane, there are at least 
two waves families parameterized by the wave number at the 
fixed values of external parameters. Waves of these families 
transform either into the succession of “negative” solitary 
waves as a-0 or into the succession of “positive” solitary 
waves. In the case of fall-down on the inner surface of a vertical 
cylinder, the family with the “negative” solitary wave limit as 
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a-0 exists a t  all values of external parameters, but the family 
with the “positive” solitary wave limit exists only for small 
wall curvature. Catastrophic growth of the amplitude of steady 
traveling waves occurs in the film fall-down on a vertical tube 
away from the neutral curve of smooth solution. 

In comparison with the case of falling down on a vertical 
plane, the external parameters Re and Fi”” have different 
influence. Thus, in the case of falling down of a vertical plane, 
a n  increase in the Reynolds number Re causes the wavy proc- 
esses intensity to increase and that in film number causes the 
decrease in the wave intensity. In the case of falling-down of 
the wires or tubes with small radius increasing Reynolds num- 
ber causes the decrease in the wave intensity due to  a decrease 
in the relative curvature. The increase in the film number is 
accompanied by both stabilizing and destabilizing effects of 
capillary forces. As a result, an increase in the film number 
causes a decrease in the wave intensity in the case of a vertical 
cylinder with small radius. 

Notation 
c =  

c2 = 

Fi = 

g =  
h, = 
h =  

h,,,, hmi, = 

f,fl = 

h N ,  qN = 

h*, h, = 

<h> = 
Hk = 
L =  

P, P“ = 
40 = 

r =  
R- ’  = 

R2 = 
Re = 

Re, = 
Re2 = 

t =  
u, = 

urn,* = 
u =  

We = 
We2 = 

Y =  
z =  

u =  

phase velocity (for infinitesimal disturbance it is a com- 
plex value; for nonlinear regime, real) 
dimensionless phase velocity = c/u,,, 
special functions 
film number = (u/p)’/gv4 
gravitational acceleration 
dimensional mean film thickness 
film thickness 
maximum and minimum values of thickness 
dimensional film thickness and flow rate of the smooth 
flow 
scales of the smooth and wavy film thickness 

mean film thickness = (I/X).l?h(()d( 
Fourier harmonic 
scale in the z-direction 
pressure, atmospheric pressure 
dimensional mean flow rate 
radial distance from the wire (tube) axis 
curvature of wall 
dimensionless radius = R/hN 
Reynolds number = q o / v  
Reynolds number = u,h,/v 
Reynolds number = u,,,hN/u 
time 
scale of velocity in the z-direction =ghi/3u 
velocity in the z-direction 
velocity on the free film surface 
velocity in the r-direction 
Weber number = (3Fi/Re5)l/’ 
Weber number = (u/p)/ghh 
special variable = 1 + h (z,t) / R  
axial distance 

= (3vq,/g)1/3, (3uq,/g)’/3 

Greek letters 
Q = wave number=2r/h 
6 = distance from the wall 
t = small parameter = h,/L 
h = wave length 
p = dimensionless wave number = 2irh,/h 
Y = kinematic viscosity 
p = density 
u = surface tension 
( = Z-CCt 

Upper signs 
* = dimensionless variables 
’ = infinitesimal disturbances 
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